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Abstract

Theory and computational model for a glow discharge in a parallel-plate configuration with an applied transversal
magnetic field is presented. The model is based on the diffusion-drift theory of gas discharge consisting of continuity
and momentum conservation equations for electron and ion fluids, as well as the Poisson equation for the self-con-
sistent electric field. Two-dimensional numerical results are obtained for nitrogen at a pressure range from 5 to 10 torr,
the electromotive force of power supply of 2-3 kV, and magnetic field induction of —0.1 < B < 0.1 T. The present
results, without the applied external magnetic field, compare favorably with the classic theory of von Engel and
Steenbeck. For the first time, the physics-based model also successfully applies to the glow discharge under the influence
of an external magnetic field. It has been shown that at B ~ 0.01 T, the glow discharge shifts correctly in the normal
direction relative to both the magnetic and electric fields.
© 2004 Elsevier Inc. All rights reserved.

1. Introduction

Achievements in aerospace and electromagnetic technologies of past decades allow a real possibility to
create hypersonic air vehicles at a Mach number greater than 6. At such high velocity, the traditional flow
control mechanism is often ineffective due to significant physical-chemical modification of airflow. Under
this condition, additional physical mechanisms for flow control become necessary. Since the later 1950s,
scientific literature has discussed the possibilities of using electromagnetic fields for modifying weakly
ionizing gas flows in aerospace applications [1,2]. A productive approach to flow control can be derived
from applying an external electromagnetic force to a flow field in an electrically conducting medium.

One of the well-known physical methods for enhancing the electrical conductivity of the flow medium is
using glow discharge (see Fig. 1). This type of electrical discharges is widely used in plasma generation for
physical investigations due to its simplicity and high efficiency. However, even for this relative simple
plasma generation process, there is very limited numerical simulation capability to describe the glow
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Fig. 1. Schematic of a glow discharge with external magnetic field.

discharge behavior. The pioneering efforts by Engel and Steenbeck [3,4], Brown [5], Howatson [6], and
Raizer [7] in the physics of gas discharge are well known, their mathematic models were built on the
dominant physical process of the forced diffusion and drift velocity of charged particles. This predictive
theory has demonstrated a wide range of applicability of the fully ionized gas mixture. However, a chal-
lenging issue of the diffusion-drift model is encountered in the sheath region of the electrodes where the
charge separation takes place to drastically alter the physical behavior of the discharge column [7,8].
Through the works of Ward [9,10], Graves and Jensen [11], Boeuf and Marode [12], and Raizer and
Surzhikov [13,14], it was found that the diffusion-drift model has a validated range beyond expectation.
Incorporating the physics-based approximate boundary conditions indeed may extend the applicability of
the diffusion-drift model.

In glow discharge, the main supply of electrons is obtained from the secondary emission from the
cathode by the impingement of the positive ions [3-6]. The energy exchanged in collision for a weakly
ionized gas can still be purely kinetic. In other words, the electromagnetic forces between charged particles
can only produce a negligible path deflection at considerable distance. The physics becomes increasingly
complex when the glow discharge is subjected to an external magnetic field, because charged particles tend
to gyrate around the lines of magnetic flux. This interaction with the magnetic field affects the drift velocity
generated by electrical field and concentration gradient.

In acrospace application, the magnetic Reynolds number of the glow discharge is often negligible, thus
the induced magnetic field is also insignificant [1-5]. To achieve a strong electromagnetic-aerodynamic
interaction, plasma generation by glow discharge is frequently applied concurrently with an external
magnetic field. Therefore, a better understanding and the ability to model the effect of an applied external
magnetic field is essential.

The main subject of the present study is focused on the interaction of a glow discharge with external
magnetic field, which are of practical interest for aerospace applications. Based on the developed theory of
glow discharges in magnetic field, it will be shown that the magnetic field can be used as control mechanism
for modifying physical structure of the glow discharge.

2. Diffusion-drift model of glow discharge

Direct current glow discharges (DCGD) are weakly ionized gases sustained by an external electric field.
The applied field, coupled with the relatively low rate of energy transfer between electrons and the much
more massive neutral species, results in highly energetic electrons (electron temperature 7, > 10,000 K and
relatively low temperature neutral species (7;, ~ 300 K). Ions transfer energy readily in elastic collisions
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with neutral species and are therefore usually near the neutral species temperature. Because of the huge
difference in energy contents of electron and neutral species, the discharge is not in thermodynamic equi-
librium. Furthermore, the highly energetic electrons are capable of ionizing and dissociating the neutral
species at high rate even though the bulk gas temperature is quite low.

It was found that a diffusion-drift model of partially ionized gas mixture (neutrals, ions and electrons) can
predict all general characteristics of such discharges in the pressure range from 1 to 50 torr and with voltage
drops across the electrodes from 0.3 to 10kV [7,9-11,13,14]. Taking into account the fact that a glow discharge
is a weekly ionizing gas, it is possible to include the undisturbed external magnetic field. This implement will
affect the electrodynamic structure of the glow discharge, but will not significantly disturb the plasma gen-
eration process. A mathematic model of this phenomenon will also be investigated by the present effort.

A planar glow discharge in molecular nitrogen between flat electrodes is considered (Fig. 1). The dif-
fusion-drift theory [3,7,9,11] will be used for description of gas discharge processes. This theory is based on
continuity equations for concentration of electrons n. and positive ions n, together with the equations for
the electro-static field E = —grad ¢:

One Oy Ol

e Lo 2o o(B I~ e m
6n+ 6F+<x aFer

— 24— = w(E, p)|[] — 2
at ax + ay O(( 7p)| el ﬁn+ne7 ( )
o Do

) + B = 4ne(n. —n.), (3)

where I'. and I are the electron and ion flux densities, respectively,
I'e = —D.gradn, — n.p.E, I'y = —D,gradn, +n,p E.

In this formulation, «(E, p) and f are the first Townsend ionization coefficient and recombination coeffi-
cient, u, and u, are the electron and ion mobilities, and D, and D, are the electron and ion diffusion
coefficients. In the charge conservation equation (3), ¢ is the potential of electric field, and the e is the
electron charge, e = 1.6 x 107" C. As it will be discussed later, j is the electric current density,
i=e(ly —To),|le| = /T2, + T3,

To introduce a magnetic field in the model, the following momentum conservation equations for elec-
tronic and ionic particles must be included [8,15]:

0 1
peg + p.(u. - Vu, = —Vp, — 1. — ene (E + - [ueB]> — MeVenhe(We — Wy) — MeVey e (Ue — U, ), 4)

Ou 1
P+a—: +p. (up-Vu, =—-Vp, — 14 +eny (E + - [u+B}) —myvieni(uy — ) —myvin, (U, —uy),

(5)

where u.,u; are the velocities of electronic and ionic gases, p,, p, are the densities of electronic and ionic
gases, p, = Mehe, P, = My Ny, Mg, m, are the mass of electron and ion. The u, is the mass-averaged velocity
of neutral particles, p.,p, are the electronic and ionic pressures, 7.,7, are the viscosity stress tensor
components of electronic and ionic gases, Ve, Ver, V4q are the frequencies of electron-neutral, electron-ion,
and ion-neutral collisions. Finally, B is the inductivity of magnetic field.
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In view of the fact that m. < m., and it follows that p.(u. - V)u. < p_(u; - V)u,. In this case, it is
possible to simplify Eq. (4) as follows:

1
—Vp. — en, (E + - [ucB]> — MeVente(We — U,) — MeVeyne(u, —uy ) = 0. (6)
Again, for u. > u,,u, and p. = n.kT,[K], Eq. (4) can be further reduced,
kT.Vn. + enE + e [uB] + (meve)neue = 0. (7)
c

Finally, it becomes

Helle

neue = —DVne — u.nE — [ucB], (8)
where p, = e/mev, is the electron mobility, D, = ((kT.[K])/e)u, is the electron diffusion coefficient, and the
averaged electron collision frequency is approximated by ve = Ve, + Ve

For the condition, the electron velocity has two components u, = {u.,;u.,} and supposing that the
magnetic field has only z component B, (see Fig. 1), the charged particles flux densities become:

1 one b, on,
Fex: elex — 775 _De__ e eEx - _De__ eEv 3 9
o elle 1+bg< o M ) 1+bg( o M > ®)
1 on, b, on,
Fe — NHelley — 75 _De—_ eeE T 1 _De—_ eeEx 5 10
b nu,}’ 1+b§< ay ﬂn y>+1+bg< ax :un ( )
where b = (u./c)B;; Ex, E, are the components of the electric field intensity along the x and y coordinates,
respectively.

Similarly, the momentum conservation of the ionic species also attains the following form

1
—Vp; +eny (E + - [“+B}> —mivien (U —Ue) — myvian. (up —u,) = 0. (11)
Assume that m v .n, (0 — ) = —mevene(u, —uy), u, = 0, and meve K my v, it is obtained
n
nyu, = =D, Vn, +p.nE+ ,u+c - [u, BJ, (12)

where u, = e/(mv,y) is the ions mobility, D, = ((kT[K])/e)p.. is the ions diffusion coefficient.
For the present two-dimensional analysis, the ions velocity has only two components u;, = {u. ,;u,,},
and the magnetic field has only z-component B., we can write:

1 On b on

F+7x e }’[+u+7x = —1 + bi < - D+ ax+ + #+n+Ex> — _1 ++bi < — D+ a; + .u+”l+Ey>7 (13)
1 on b on
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where b, = (u, /c)B.. The effective electric field for the charged particles has a total of four components:

g _bE —E _ bE.+E,
ex — 1 | 15 -

I162 ey = fbg’ (15)
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_E +b.E, E, — b,E,

E..= E,, =20k 1
T e 0 P T T (16)

Now continuity equations (1) and (2) can be generalized with using of the effective electric field com-
ponents to appear as:

on, 0 D. On, 0 D, On.

one O ( B _ O (pneEey — 22N — (B, p)|Te| = Pren,, !
ot + Ox <:uene ex 1+ bf - ) + ay (,Uel’le e, 1+ bg ay ) O(( ,p)‘ | ﬁn n, ( 7)
on, 0 D, On, 0 D. on. B

ot + Ox </-‘+H+E+,x 1+ bi ox + o wyn E, 1+ bi oy = oc(E,p)|Fe| Bnen.,. (18)

It should be noted that the introduced coefficients b, b, are the Hall parameters for electrons and ions,
which are associated with a physically meaningful magnetic field:
be:“e_BZ:%7 b+:“+_32:&, (19)
c Ve c v,n
where w, = eB./m.c is the Larmor frequency of electrons, w. = eB./m,c is the Larmor frequency of ions.

It is well known by the work of Raizer [7] and Mitchner and Kruger [8] that Egs. (1) and (2) are in-
adequate in describing the sheath regions of a space charge at the immediate vicinity to electrodes (cathode
and anode). Therefore, many attempts were made to modify the diffusion-drift theory [4] or to use different
numerical simulation models, including Monte Carlo simulation [12] for describing the sheath regions of
the space charge. It was shown that improved theories can predict some new details of the glow discharge
structure, but at the same time, the diffusion drift theory is still able to predict all general features of the
glow discharge with sufficient accuracy for applied physics and different engineering applications. There-
fore, the diffusion-drift model is adopted for the present analysis.

The fact mentioned above about the approximate character of the diffusion-drift theory in the immediate
vicinity to the cathodes has the following consequence: the basic issue of inaccuracy arises from the in-
adequate boundary conditions implementation instead of the diffusion-drift theory. Therefore, we will
analyze two modifications of the diffusion-drift theory. Raizer and Surzhikov [13] have studied the first
approach in which the modification is based on the fact that the particles diffusion in the y-direction is
negligible in comparison with the component in the x-direction. The second approach has also been in-
vestigated by Raizer and Surzhikov [14]. They took into account the diffusion in all directions, but used
approximate boundary conditions for charged particle fluxes on electrodes.

To formulate these models, the typical behavior of the glow discharge is analyzed in the vicinity of
electrodes. Fig. 2(a) and (b) depict a typical distribution of electron and ion concentrations, electrical field
in glow discharge for nitrogen at a pressure of Storr, with an electromotive force (Emf) of power supply of 3
kV, and an electrical resistance in the external circuit Ry of 300 kQ. These calculations are in good ac-
cordance with known experimental data on glow discharge [14], therefore these data will be used for
evaluating all general parameters of a glow discharge: the volume concentration of ions in the cathode layer
(v < dn; d, is the width of the cathode layer; d, ~ 0.1 cm) is (n,), = 3 x 10" cm™~; the volume concen-
tration of ions and electrons in the positive column (0.1 <y < 1.9 cm) is (n,),,, = (ne),. = 5 x 10" cm™; the
maximal electric field intensity in the cathode layer is (E), = 4500 V/cm; the electric field intensity in the
positive column is (£) . = 100 V/em; and the maximal electric field intensity in the anode layer d, ~ 0.1 cm
1.9<y<2.0 cm) is (E), = 270 V/cm.

Let the temperatures of electrons and ions be equal to T, = 1 eV (7, = 11,610 K), and 7, = 0.0258 eV
(T, =300 K). In earlier numerical studies of a normal glow discharge structure at electronic temperature
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Fig. 2. (a) Distribution of electron (solid line) and ion (dashed line) concentrations in the column of glow discharge in N? at p = 5 torr
and £ = 3 kV. (b) Distribution of electric field intensity E, in the column of glow discharge in N, at p =5 torr and 3 kV.

up to 5 eV, all results showed that one could still use 7. = 1 eV as a reasonable approximation [13]. Under
these conditions, electron and ion mobilities for glow discharge in N, can be approximated as follows [7]:

44 x10° cm? 1.45 x 10> cm?

cm” _ U om 2
He » sy and o » v (20)

where p is the gas pressure in torr.
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Using Einstein’s formulas, one can get the estimation of electron and ion diffusion coefficients [6]

cm? cm?
De:.ueTe . D+:/’L+T+ . (21)
S S
For the present case (p = 5torr), u, = 8.8 x 10* ecm?/sV, u, =290 cm?/sV,and D, = 8.8 x 10* cm?/s,
D, =7.48 cm?/s.
From these data, the diffusion and drift fluxes are calculated for electrons and ions in the y-direction

one on
Fe,y = _Dea - ne,ucEy = Fe,y,dif + Fe,y,dr7 F+,y = _D+ a—; + n+:u+Ey = F-hy,dif + F+,)Adr7 (22)
where E, = —0¢ /0y, I'cydir, I'+yair are the diffusion fluxes of electrons and ions in the y-direction,

Ieyar, I'yyar are the drift fluxes of electrons and ions in the y-direction, respectively.
These values in cathode and anode layers are used to determine the local electron and ion flux density.
In the cathode layer:

(ne) C 1
| Teyait|y ~ De dn" = 44107, eyl g ~ 0.1(ne)peptcEa = 1.98 x 107 —5,
Iy, ~ D8 Z 000510, |1 Ey=39x 100 1
’ +J"d'f|c| ~ Uy 4~ X ) ’ +‘y‘df|c| ~ (n+)cl:u+ o =237 X cm2s’

where the factor 0.1 represents an average value of electronic concentration in cathode layer.
In the anode layer:

1
cm?s

Ne) e
’Fe,y,dif|a1 ~ De( d)p =44 x 10157 |Fe‘y‘dr|a1 ~ (ne)pc,ueEal =132 x 1017

(n+)pc
d,

)

1
|F+~yvdif’al ~ D, =3.74 x 10", |F+J/‘,dr}al ~ (n4) pebts Bt = 4.35 ¥ 10 cm?s

It is clear from the order of magnitude analysis that

’Fe,y,dr‘cl > |Fe,y,dif|clv |F+4y.,dr|cl > ’F+4y,dif’017

(23)
[Fearly > Tevaitlys  |Tevarly > eyl

It should be noted that in the immediate vicinity of the cathode (where n, < n.), electronic diffusion and
drift fluxes might be commensurable. Thus, in the sheath region the diffusion-drift theory may no longer
hold. The diffusion of electrons is very significant in the Faraday region of the glow discharge, for the case
considered, this region is at a distance around 0.1 cm from the cathode. Therefore, the model of ionization
with o = «(F) cannot be adequately predicted by the behavior of particle distributions in this region, be-
cause the non-local effects of ionization can be very significant [6,7]. Nevertheless, this very week region of a
glow discharge will be omitted from the present consideration.

Some words should be added also concerning the chemical composition of a direct glow discharge under
consideration. It is well known that glow discharge plasma of molecular nitrogen contains not only such
obvious components as N>, N and electrons (e~), but also N and other vibrationally and electronically
excited molecules and atoms [3-7]. But using semi-empirical diffusion-drift model of the glow discharge
allows us to describe the peculiarities of electrodynamics of different species and their populations on ex-
cited energetic levels (including electron distributions on velocities) by introduction of empirical coeffi-
cients. They are: the first Townsend ionization coefficient and recombination coefficient f (see later).
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If such model is developed for description of direct glow discharges in such electronegative gases as air, then
charge kinetics of negative ions O,, O™, O;, O,, NO~, NO,, NO; should be taken into consideration.
This problem is much more difficult. Nevertheless, it is still possible to formulate in the frame of a semi-
empirical diffusion-drift model by additional equations for negative charged particles and some empirical
coefficients for attachment and detachment of electrons to atoms and molecules. It is also possible in the
framework of the two-fluid model by introduction of the effective coefficient of recombination. In fact, Raizer
showed that one can use f.g..ive =~ 40 but this is a very rough approximation and needs further study.

3. Approximate boundary conditions and two models of DCGD

The vast difference of diffusion components in sheath regions allows Raizer and Surzhikov [13,14] to
postulate a numerical model of glow discharge by neglecting the diffusion in the y-direction. This as-
sumption essentially simplified the formulation of boundary conditions, because in this case the order of
Egs. (1) and (2) was reduced by one.

Now the electron and ion fluxes can be written in the following form;

I'e = —D.grad, n, — n.u E, (24)

I'y =—-D,grad;n. +n,uwE, (25)

where grad, = e,(0/0x) + e, - 0 = e,(0/0x), and e,, e, are the unit vectors of x and y coordinates, respectively.

The boundary conditions for electronic and ionic fluxes on electrodes are analyzed as follows. The
electronic and ionic fluxes to the cathode (without diffusion in the y-direction) are determined by (24) and
(25). Since the general mechanism of electronic emission from the cathode is the secondary electronic
emission [3-6], it yields

(Fe)y:() = _’V(F+)y:07 (26)

where y is the coefficient of the secondary electronic emission. This coefficient depends on a material of a
cathode and intensity of electronic field. Von Engel and Steenbeck [3], Brown [5] and Raizer [7] have ex-
tensively analyzed the influence of y on the structure of gas discharge. A range of y values from 107! to 1072
were recommended for numerical study of a glow discharge structure in nitrogen [13]. As it is noted that
using an overestimated value of the secondary emission coefficient (for example, y = 0.3) led to an im-
provement of computational stability [13]. Therefore, some present calculations were performed with this
value of 7.
Eqgs. (24)-(26) give

u
(”e)y:o = V(”+)y:0_+- (27)
(5
As far as the boundary conditions for the anode are concerned, it is assumed that the anode reflects all
ions and the ion flux in the y-direction is much greater than in the x-direction:

|F+‘y‘dr > |F+|x,dr + |F+|x,dif‘

Then, one can get at y =H,(I'y), =0, and n, =0.

It should be stressed that from the physical viewpoint, any additional boundary conditions for solving
the system of equations (1)—(3) are unnecessary.

Immediately adjacent to the cathode and anode surface, the approximate boundary conditions of the

vanishing Neumann type are appropriate to describe the negligible diffusion component. In fact, this type
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of numerical boundary condition is widely used in electromagnetic computations near media interfaces,
where the transverse electromagnetic field gradient is dominated over the normal component [16]. For the
present purposes, the continuity equation for the space charge is further developed to implement the nu-
merical boundary condition:

%_f +div(I, — I'e) =0, (28)

where p = n, — ne.
In the vicinity to cathode n. < n,, from Eq. (26), one can get

on, 0 dp o*n,
D Mt~ (022 ) — Do T2 2
B g (150) - Duon (29)
where
— pyte
De ey = Devﬂ— —D,. (30)

All numerical experiments show that the results by the following boundary condition (dn /3y),_, =0
are very closely approximated to the prediction by Eq. (29). In addition, this approximate boundary
condition is computationally stable.

Similarly, one can apply the approximate boundary condition for electrons on the anode:

one o[ 0 0%n,
9 _ ) 2 (092 4 p, L 31
o Hepy <” ay) R (31)

The present model without diffusion in y-direction, the governing equations of glow discharge (1)—(3) are
simplified, where I'. and I', now are determined by Egs. (24) and (25).

Boundary conditions in this case are; at y =0: n. = yn.(u, /i), ¢ = 0. The additional approximate
boundary condition is:

on, 0 dp *n,

— =1 — — | = Deett—- 32
at ( + ')))ﬂ+ ay (n+ ay) Leff axz ( )

Aty=H:n; =0, ¢ =V, the approximate boundary condition becomes:

one 0 G0 *n,

=y —(n—)-D .

a -~ Hedy (" ay> o2 (33)

on. On, Q¢

ty=0, 5= oy (34)

Here V is the voltage drops across the gas discharge gap, H, L are height and transversal scale of the gas
discharge channel, respectively.

The second approach to expand the applicable envelope of the diffusion-drift model into sheath region is
outlined as follows. In this approach, the neglected diffusion of charged particles in the y-direction is
modeled by using well-known classic results [7]. To simplify our analysis, let us consider one-dimensional
glow discharge (in the y-direction):

%Jr or,
ot Oy

=a(E,p)le — Pnen,, (35)
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al’l 61",
6—; + By w(E,p)le — Bren, (36)
Now the flux densities reduce to I'.= —ncuk, —D.(0n./0y), I's =n,pu, E, —D,.(0n./0y) and
(0E,/0y) = 4me(ny — ne).
The formulas for the electronic flux are based on the Lorenz approximation for the electronic distri-
bution function on velocities V. [7]:

f(Ve) :fO(V) +f1(V) cos 0, (37)

where 0 is the angle between V. and y, f;, f) are the coefficients of expansion of the distribution function,
V =Vl
Introduce the half-spherical fluxes as:

Ve Te
reizzn//Vcos()(fo+ﬁc050)V2stin9d0:n4 =
e 1 e
:n4 :i:z(—ﬂe”eEy_Deaaly) (38)

where 7, is the averaged thermal velocity of electrons, V. =/8kT./mm. ~6.21 x 10°\/T, [K] =
6.71 x 10’\/T. [eV] em/s, D, = u T, = 1V,/3, and [ is the electronic free path. If the cathode only reflects
and emits electrons without absorption, then I'; = I'; — yI',, then as before I'. = I'; — I', = —yI';.. Near
the anode we will use the following physical boundary condition, I'; = 0. In other words, the anode does
not reflect electrons. Then it yields,

V. 1 1 _0 0 1 0 %
nen'i_—:ueneE‘i__Deﬁ:O or neZ_(Mene_(P_neE>' (39)

4 2 2" 0y d D, dy 2

As for ions: |I'y 4| > |I'; gie|, the physical condition of I'T = 0 leads to n; = 0.
Now return to the other possible approximate boundary condition [14]. The model equation with dif-
fusion in the y-direction is formulated in the form (1)—(3), where

0] one dp one ¢ on,
Fex: ee__De 3 re = Helle =— — Le 3 rv:_ — D, — d
x T el gy Ox v =N dy oy - b By T ox an

0o on,
[y =—np, ——D, ==
A s dy oy

Finally, boundary conditions for the system of equations become:

Aty=0: ne:/n+ﬂ—+, ¢ =0, (40)
on, 0 1) *n,
— =1 — — | = Deeff —— 41
o ( + V),U+ ay <n+ ay ) ceff 02’ ( )
on, 1 10 V.
Aty=H: —=— e — e |, 42
ty % D (uen " 2) (42)
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AtyZO, L:%:%:@_(pzo (44)
o oy
In the present investigation, the constitutive relationship can be determined easily if the temperature of
neutral species is assumed to be a constant. The transport and thermo-physics properties are therefore not
dependent on the temperature. The recombination coefficient f and electron temperature are taken as
constants f =2 x 1077 cm?®/s [7].

The ionization coefficient is determined by the Townsend formula [3-6]:

B
w(E,p) = pAexp {— —] cm™!, (45)
(IE[/p)
where the dimensional constants are given as 4 = 12 (cmtorr)™' and B = 342 V/(cm torr).
These equations for boundary conditions are supplemented with the equation for the external circuit (see
Fig. 1), which is written for a stationary current as £ = V + IR,, where V' is the voltage on the electrodes, /
is the total discharge current, E is the Emf of the power supply, and R, is the external resistance.

4. Governing equations for numerical solution

The continuity equations for charged particles and the Poisson equation for electric potential can be
written in the following form

Ou Oau Obu 0O Ou 0 Ou
qudam on_ 9 (pY 2 (pH) 4 s 4
=t H T ax( asc)Jray( ay)”’ (46)

where the independent and dependent variables are normalized with respect to the relevant characteristic
dimensions: x =x/H, y =y/H, ©=t/ty, to = H*/p.oE; u= {ne,n, p}.

This equation is used to obtain the steady asymptote to the Poisson equation, therefore the time ¢ is
actually adopted as an iterative parameter in the present approach.

Coefficients a, b, D and functions u, f* are given by the following formulas:
(a) For electrons:

ne . 0D _ 0P -
= — b = — D= De’
a Me ai ) Me aj*’} b

00 - du.\’ 00 - du,\’  HN,
= 'e: H e~e—~_De_~ e~e_~_De_~ - — o Ye 1)
St \/<M6x @X) +(Way @y) Dl
where i, = pie/ttep, ® = @/E, D. =D,/ UeoE, up =ny/Ny; p.o is the representative value of the
electron mobility, for example, u,, = 1, at p =5 torr, and N, is the typical concentration of charged

particles in positive column, in the present case, Ny = 10° cm™.
(b) For ions:

ny 0P . 0

u=1u, :ﬁo, a:—ﬁ+g, b:_,u+a_j}7 D:D-H fzj[ﬂ,

where la+ = .u+/:ue,07 D+ = D+/tue,OE'
(c) For the Poisson equation: a=b=0, D=1, f=c¢&(u, —u.), where &= 4ne(H*Ny/E), 4ne =
1.86 x 107° V.
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In summary, the specific initial values and the boundary conditions can be given as
(1) For electrons without diffusion in the y-direction:

Sy, Qw0 00\ o Ou
y_ . 6‘5_ #eaj/ ueaj} 66562’

(2) For ions without diffusion in the y-direction

. Ou, _ 0 o ~ Qluy
= M _— = 1 9 —_— _— — D _—
y 0 o ( + /),u+ aj/ (u+ 6)7 ) c.eff 2 5

where Dmeff == (Dc,eff)/(,ueﬂoE);

y=1: u;, =0,
. L Ou,
X—O,ﬁ. g—o

(3) For electrons with diffusion in the y-direction

- 0
y:(): ue:’yu+:u+~7+a
He
- u, o V.H

y=1: De—,,:~ e A~ Ue s
g oy T T gk

L Ou,
¥x=0,—: —=0.
TUE ®

(4) For ions with diffusion in the y-direction
. Ou, . 0 oo ~ Qu,
=0: —=(14+y)ji, = — | - —

y 61 ( + ))):u+ 6)7 (Z/l+ aj} ) c,eff ajéz )
y=1: u;, =0,
g0kl M_y

H ox

y=0: &=0,

y=1: @®=E,

ok, 20
H ox

It should be stressed that all boundary conditions, including components of effective electric field with
external magnetic field were studied as computing experiments. Computations were guided by much more
simplified boundary conditions to yield the final solution for integral parameters and species distributions
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in computational domain away from the immediate vicinity of electrodes. In addition, the following

boundary conditions are computationally stable, they are:
(I) For electrons

F=0: ue=qu i (47)
He
Ou
y=1: ¢ = 4
y 5 0, (48)
. L Oue

(IT) For ions without diffusion in the y-direction

Ou,
=0 i | 50
oy (50)
5/:1 u+:0, (51)
L Ou,
F=0,—: —=0. 52
TUE & (52)

The numerical procedure used in this study is based on the two-stage calculations. A steady-state
solution for glow discharge without magnetic field at given initial conditions was firstly obtained. Then,
this numerical solution was used as initial condition for second-stage calculations with magnetic field.
This procedure is necessary, because approximate initial conditions were used for the first-stage cal-
culations. These initial conditions were based on the one-dimensional theory of the normal glow dis-
charge, developed by Engel and Steenbeck [3]. Although the theoretical results provided reasonable
values for the initial discharge plasma parameters, they do not satisfy rigorously the required two-di-
mensional boundary conditions:

ABu,p(1+7)

Jn 1 2402
i =592x10 n(1 +%) pA/(cm” torr”), (53)
. 1
dap=3.784"1n (1 —|—; cm torr, (54)
O 1
Vo=3BA " In|(1 +; Vv, (55)

where j, is the normal current density, d, is the thickness of a cathode layer, ¥} is the voltage drop on the
cathode layer, p is the pressure in torr; 4, B are the approximation coefficients in the Townsend formula
[3-7].

The volume concentration of ions in the cathode layer can be estimated. For the present purpose, a
simplified formula for current density j, = e(neptE, + nip E,) = e(l +y)n,u, E, is used, and E, ~ V,/d,.
Similarly, one can obtain
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Jndn B
Nep =Ny o) — .

nyo~N—F—— 5 >
(L) e

In the positive column (n),, = (n),. = 10’ cm~?, therefore volume concentrations of ions and electrons
in the cathode layer can be approximated as n,(x=0,y)= (ny), + (ny),exp(—(y/dy)) and
ne(x = an) =neo + (ne)pc[l - exp(_y/(dn))}'

An estimation of the total current for a glow discharge in an axisymmetrical geometry gives
I= JomtLl? = (E — 2V,)/(Ro), where L. is the radius of the current column, E, R, are the Emf of power supply
and resistance in external electric circuit, respectively. The coefficient of ‘2’ in the circuit equation yields a
total voltage drop across the discharge gap. Again from this equation, an approximate dimension of the
current column L ~ /(E — 2V;)/(jumR) is obtainable.

To predict parameters of glow discharge for a plane geometry, all integral parameters should be related
to 1 cm of length in the z-direction. In this case, the above formula gives the estimated thickness of a current
column in the plane geometry.

The two-dimensional distributions of charged particles for the initial conditions are calculated as follows:

ne(e,3) = ne(x = 0,) exp [— <Li)] ne(x,3) = i (x = 0, ) exp [— (L—)]

5. Finite different scheme

The grid system of the present analysis is presented in Fig. 3. A five-point finite-difference scheme is
adopted by integrating Eq. (47) over the shaded volume:

m+1 m+l g om+l | poomtl m+1 m+1/2
Aijuy; + Bigwilyy i+ By — G + Fy T = 0. (56)

i—1,j i+1,/ i,j
The coefficients of the discretized pentadiagonal matrix system are:
Aij = ai/VXi+ Diorj2;/Vx; Vi, Bij = —ag [Vxi + Disi [/ VX Vx;,
Aij= b /Ny +Dij12/Vy;Vy;,  Bij= —bg/Vxi+ Dijiia/Vy/ Vy,
Ci,j = I/T =+ (GE — a[)/Vx,- + (bg — bi)/Vy, + (l)l‘+1/27_]‘/VJ€'l-Jr + D,-,l/z_u,-/Vx;)/Vx,»
+ (DI:/'H/z/Vyj+ + Di,j—l/Z/vy;) /Ny,

y A
y=H

o1 . o L X
111211+21+x

Fig. 3. Coordinates and grid structure.
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and Fj; = ((u)/7) + ﬂ;’-ﬂ/ *, where m is the index of the time increment, and

— (% 5 S b + _ (% b
Vx; = (xi+1 —XH), Vx,- = (xi —XH), in = (Xi+1 _xi)7

Vy; = (Vi1 —}7;—1)7 Vy, = ()7/' —)7,'—1), Vy = ()7j+1 —)7,')7
Dyt =3(Dij+ Dis1y), Dijerp = 3(Diy + Dijur),

ar = %(ai,j + at+1Aj), ap = %(ai,j + ai—Lj)a
ag =5(ar £ |ar]), ai =3(ar £ |ar]),
br = %(bi,j + bt,j+1), by = %(bi,j + b::j—l)7
by =3(br £ br|), bL =3(bL £ |bL)).

Boundary conditions are presented in the following formulas:

wg =ou+p;, i=1,2,... NI,
Uiy = Otiny—1 + By, i=1,2,...,NI,
Uy =y +96;, j=12,....NJ,
unry = YN, + 05, j=1,2,... ,NJ.

Formulations for coefficients o, B,,7,, 9, %, B, 7;,0; in this finite-different representation of boundary
conditions were derived from boundary conditions (40)—(44) for each dependent variables u = {n., n., ¢}.
Function F,-Zf“/ * contains non-linear components
m+1/2

f;'t;l'+1/2 = [OC(EIJ,p)|Fe|{l,]} - ﬂnel./n+l.j

Stability of the present numerical algorithm depends strongly on finite-different approximation of ion-
ization rate o(E)|I.|, because the function «(E) is an exponential function of E, which depends on the
distribution of charged particles.

Module of electronic flux is approximated as follows:

|Fe‘i,j = (Fe,x)ij + (FE,y)ijv
where
m+1/2 m+l)2
(ch),, = :itll/Jz'~eE:i,j - ”letll/jbe x_,i,j - Dcﬁi,jW7

m+1/2 m+1/2

_om+l/2~ oy m+1/2~ e eij+1 eij—1
(Fey),, = WA RES, — Wt PRy, + Dy et Leisl

eij—1re™yij eij+1re™yij by

Yi+1 — Vi1
+ 1 + 1
Ef =3By £ |Eig]),  Eyiy=3(Eviy £ |Evis]),
] Yils]
Eo_ D1 — Diy E— D — Dy
xij — T~  ~ vij — T~ ~
Xiyl — Xj—1 Yi+1 — Yj-1

Eij= B+ EL

An iterative numerical procedure is used to facilitate the temporal evolution of solutions. Hence, the
index m + 1/2 indicates the additional iterations on each time step. The iterative convergent criterion is set
for the difference of consecutive solutions to be less than 107> in relative magnitude.
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6. Numerical procedure and time scales

Finite different equation (56) is solved by an implicit finite-difference method. The fractional step iter-
ation process was adopted on a stretched grid [17,18]

{xi, i=1,2,...,NI; xy =0, x;y = L; y;, j=1,2,...,NJ;
Y =0, yw = H; =" m:()vlv"'}

where 7 is the time step. The grid was clustered near electrodes. Typical grids are shown in Fig. 4(a) and (b).
A SOR by lines method with the Thomas algorithm was used for solution of the finite-difference equations.
For each time step, several iterations were performed between equations for n.,n,, and ¢. When these
iterations were convergent, the voltage drop V is calculated on electrodes by the following formula,
V =FE — IRy, where [ = fOL ency E(x,y = H)dx. After convergence of the internal iteration process, the
computing procedure advances to the next time step. The process is repeated until the solution reaches a
steady asymptote.

The characteristic time scales of the investigated phenomenon can be determined according to physical
and mathematical statements of the problem. The following phenomena are taken into account: (a) the
ionization of molecules N, by electronic impact, (b) the recombination of positively charged ions at col-
lisions with electrons, (c) the drift of ions and electrons in an electric field, (d) the diffusion of charged
particles and ambipolar diffusion, and (e) the relaxation of volumetric charge.

The characteristic times for the above listed processes are estimated for nitrogen. Drift velocities of
electrons and ions in uniform electric field £ are Vg4, = u.E and Vg4, = u, E. Previously, a characteristic

1.5

Y,cm

0.5 /

(a) X, cm

Y,cm

0.5H o \

0 1 2 3 4
(b) X, cm

Fig. 4. (a) Computed contours of glow discharge on 71 x 41 grid. (b) Computed contour of glow discharge on 141 x 61 grid.
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electric field has been described in the cathode layer and in the positive column of Eyq = 4500 V/cm,
E,. =100 V/cm. Then, all drift velocities in the cathode layer and the positive column can be obtained for
the present conditions (p =35 torr) as (Var.)y = 3.96 x 108 cm/s, (V41), = 1.3 x 10° cm/s, (Vare)pe =
8.8 x 10° cm/s, (Var 1), = 2.9 x 10* cm/s.

For the characteristic dimensions of this discharge field, it is possible to choose (a) the cathode layer
d, = 0.1 cm, (b) the positive column H = 1 cm. From these physical dimensions, the characteristic time
scales of the drift motion are obtained as the following; (f4re)y = 2.52 x 10710 s, (14,1 )y = 7.7 x 1078 s,
(tare)pe = 1.14 x 1077 s, and (tar 1), = 345 x 107 s.

The time of ionization can be estimated by the formula; = 1/v; where v; = v;(p) is the frequency of
ionization. Frequency of ionization is connected to the drift velocity of electrons through Townsend’s
coefficient of ionization [3,7] v; = a(E, p) V4:.. The Townsend ionization coefficients at two values of electric
field of Eyq = 4500 V/cm and E, = 100 V/cm are estimated to be oq ~ 41 cm™" and o & 2.2 x 107 cm ™,
respectively. From these values, the ionization frequency and the representative time scales of the ioni-
zation process are: (vi)y = 1.62x 10" s7', (4), =6.17x 107" s and (i), = 1.94 x 10" s7', (1), =
5.0 x 1072 s.

The recombination rate of charged particles can also be determined. A frequency of ion-electronic re-
combination is proportional to concentration of ions, v, = fn,, s, therefore ¢, = 1/Bn,, s. If one accepts
that =2 x 1077 cm’/s and the concentration of ions is (n;),, =5 x 10° cm >, then the typical time scale
of the recombination of positively charged ions by collisions with electrons is #, = 1073 s.

The time scales for the diffusion of charged particles and ambipolar diffusion can be assessed from the
classic theory. An average square value of the displacement of any particle in diffusion process is given by
Einstein’s formula [3,7], (x*) = 2Dt, where D is the diffusion coefficient, 7 is the time elapsed. Three types of
charged particles diffusion are needed to be considered; (a) diffusion of electrons with D, = u. T, = 8.8 x 10*
cm?/s, (b) diffusion of ions with D, = u, T, = 7.5 cm?/s, and (c) the ambipolar diffusion with diffusion
coefficient D, = u, T, = 290 cm?/s. Once the characteristic size d, = A = /(x2) = 0.1 cm is chosen, it yields
tire = A*/2De = 5.68 x 1078 s, tgr . = A*/2D, = 6.67 x 107* s, t4, = A*/2D, = 1.72 x 107° .

Finally, the characteristic relaxation time scale of the volumetric charge is estimated as follows. For a
spatially homogeneous charge, the electrical density is defined by p = e(n, — n.). Then, the Gauss law
required that divE = 4np = 4me(n, — n.) = e(ny — ne).

From the charge conservation equation (0p/0t) + divj = 0, where j = oE, here it is assumed that total
current is transferred by electrons, because of the great difference of mobility of electrons and ions. Thus,
(0p/ot) + odivE + Egrade = 0. As we have assumed earlier, the charged particles distributed homoge-
neously, then (0p/0t) + odivE = (0p/0t) + 4nep = 0, p(t) = p(¢t = 0) exp(—4not). The time scale of the
volumetric charge relaxation, often referred to as the Maxwell’s time, can be calculated by the formula [6,7],
tm = 1/4no = 1 /4nnep.e = 1/enept,. Substituting all numerical values into this formula, it can be shown
that the characteristic time for the relaxation of a volumetric charge is ty ~ 1.25 x 107 s.

The stable and physically meaningful time step sizes for computations can now be analyzed. The di-
mensionless time 7, which appears in the system of Eq. (47) has the following expression
t=t(Eu./H?) = (t/ty) . The time scale # = (H?/Ep,) has the following physical meaning; each electron
needs this time for travelling through gas discharge gap under condition of uniform electric field
E,=E = E/H. For typical values of Emf considered, (1) £ = 3000 V, £ = 1500 V/cm and 7, = 1.52 x 1078
s,and (2) E =500 V, E =250 V/cm and #, = 9.09 x 107% .

It is apparent from the foregoing discussion that the investigated problem has a wide range of time
scales. The fastest physical processes are ionization of molecules by electronic impact and drift of electrons
in a cathode layer. The relaxation time of a volumetric charge has a scale 10~ s. The characteristic time of
ions drift in a cathode layer is proportional to 1077 s. It means that to converge a solution in the cathode
layer to its steady state asymptote, it is necessary to carry out calculations till the time elapse exceeded the
value of 1077 s, however, the calculation time step need not be shorter than ~ 10~ s.



454 S.T. Surzhikov, J.S. Shang | Journal of Computational Physics 199 (2004) 437464

Table 1
Representative time in seconds
Cathode layer Positive column

tare 2.52x 10710 3.79x 1078
7 7.7x1078 1.15x 107°
t 6.17 x 107" 1.87x 1077
t 10-3
Ldif e 5.68 x 1078
i + 6.67 x 1074
tdif.a 1.72 x 107>
tm 1.25x107°
to 1.52x 1078

The characteristic time of electrons drift in the positive column (~ 1077 s) and ions drift in the positive
column (~ 4.0 x 1075 s) is commensurable with electronic (~ 6.0 x 10~% s) and ambipolar diffusion
(~ 2.0 x 1073 s). The diffusion time of ions (~ 7.0 x 10~* s) is compatible with representative recombi-
nation time (~ 1073 s). As all the listed processes can render appreciable influence on a physically mean-
ingful steady state solution under those constraints, it is assumed that the range of time scales vary greatly
through the values from 107! to 10~ s. It is obvious; the required temporal resolution of the present
problem imposes a significant computing challenge.

The adopted finite difference method allows calculations with time steps that cannot be compatible with
all the time scales considered in here. It is well known that the computational stability of any calculations is
determined by the type of equations to be solved, finite-difference approximation method, and quality of
grids [17,18]. However, it is possible to specify two dimensionless criteria of computational stability to guide
the selection of the allowable time step. The Courant-Friedrichs—Lewy (CFL) numbers for convection and
diffusion are CFL;, = aAt/h ~ 1, CFL, = (2DAt/h*) ~ 1 , where a is the characteristic value of velocity,
Eq. (47), At is the time step and £ is the spatial spacing of the grid.

The fact that CFL numbers are limited to unit does not mean that these conditions are neither optimal
nor necessary for the present numerical simulation. These criteria are dictated by the stability condition of
explicit finite-difference schemes for the linear transfer model equations with dissipation. By examining Eq.
(47), it reveals that there is a scale of speed ¥ = u.E/H which corresponds to the electrons drift velocity in a
uniform electric field with intensity £, = E/H. For a typical calculation with E=3000 V and H = 2 cm, it
was found ¥ = 1,32 x 10® cm/s. If an explicit finite-difference scheme is used for solving of Eq. (47), the
limiting time steps are dictated by the CFL condition. For the present investigation, a = (Vr.)y =
3.96 x 10°% cm/s, h = 0.1d,, = 0.01 cm, Aty = h/a = 2.53 x 107" cm/s, and Az, = h*/2D = 5.68 x 107! cm/s.
The dimensionless time step should be t = ((min(A#;, Az,))/t5) = 1.66 x 1073,

Summary of the characteristic time scales for glow discharge in N, at p =5 torr, E = 3 kV is given in
Table 1.

7. Computing accuracy assessment

As it has been shown in reference [17], the present finite difference scheme for solving Eq. (47) is formally
second order accurate for a smooth solution. However, in the region of steep gradients, the accuracy of this
scheme deteriorates to a first-order approximation. Therefore, it is necessary to assess the effect of nu-
merical dissipation to the overall accuracy of the solution. In the present analysis, an attempt has been
made to compare the numerical dissipation with physical diffusion, or numerical diffusion fluxes with
physical drift and diffusion fluxes for the first order finite-difference equation.
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Wt
a =

T h

0; M’.n:O = u[(t = vai) = (pi(xi).

1

For the model linear convection equation

0 0
a—L; aa—z =0, a>0, u(t=0,x)=@yx).
One can show that the above finite-difference approximation is equivalent to the following differential
equation:
Ou Ou o%u ah at ah
—+a—=D,—, h Dn:—<1——):—1—CFL
o o Drger MhereDu=g (=g ) =5 2
and D, is the numerical diffusion coefficient. It means that upper bound of the numerical diffusion coef-
ficient is D, = ah/2.
The representative diffusion and drift fluxes have been determined previously for a typical glow dis-
charge. The numerical diffusion fluxes for electrons and ions in the y-direction are (formulas for numerical
diffusion fluxes in the x-direction are analogous):

on
(F+,n)y = _D+,n7+a

Fen = —Den——
(Fe), = D -

where Den = 0.5Ay - Vegr, Din = 0.5Ay - Vi gr OF Deyy = 0.5Ay - 4 (0¢p/3y), Dyn =0.5Ay -, (0¢p/0y). As-
sume 0p/dy ~ Ap/Ay, it is then obtained De,=~ (1A@)/2, Diy = (u,A@)/2, and (Ie,), ~

0.5u.Ap((Ane)/(Ay)), (I'v.n), = 0.51, Ap((An)/(Ay)).
Since coefficients of physical diffusion are determined by Einstein’s formulas, the relations between

physical diffusion and numerical diffusion fluxes are:
et 2Tc  T'iar 2T,
T Ap’ T'iy  Ag

The corresponding relations between physical drift fluxes and numerical diffusion fluxes become:

Fe‘dr Ne F+‘dr ny
~o e ~o
Ien An, I, An,

So, one can conclude that for the calculation on a typical grid, for example 100 x 100,
Fe,dr > Fe,n ~ Fe,difa F+,dr > F+,n > F+4dif‘

These results show that on a coarse grid the physical drift fluxes can be on the same order of magnitude
as that of the numerical diffusion fluxes in the cathode layer.

8. Numerical results

The glow discharge in nitrogen is investigated between flat plate electrodes of 4 cm in length and 2 cm apart.
The discharge is maintained by an electric field of the range from 1 to 2kV, (1 < E < 2kV), the external circuit
has a resistance of 300 kQ, and the ambient pressure ranges from 5 to 10 torr. The applied transverse magnetic
field is limited to a maximum magnitude of 0.1 T (—=0.1 < B < 0.1). For all numerical simulations, the coef-
ficient of the secondary electronic emission is assumed to have the range from 0.1 to 0.3 [7].
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Fig. 5. (a) Electron contours in the gas discharge gap at p = Storr, E=2kV,y=0.1, H =2 cm; ] = 4.85 mA, jemax = 3.58 mA/cm?,
Jamax = 6.03 mA/cm?, ¥ = 533 V; The concentration levels are normalized by the value of cm?®. Parameters of the one-dimensional
normal glow discharge (the Engel-Steenbeck theory): cm, V, mA/cm?. (b) Ion contours in the gas discharge gap at p = 5 torr, E = 2
kV,y=0.1, H=2cm; ] = 4.85mA, jomax = 3.58 mA/cm?, j, max = 6.03 mA/cm?, ¥ = 533 V; The concentration levels are normalized
by the value Ny = 10~ cm™3. Parameters of the one-dimensional normal glow discharge (the Engel-Steenbeck theory): d, = 0.15 cm,
Vo =205V, J, = 1.37 mA/cm?. (c) Current density on the anode (solid line) and cathode (dashed line); p =5 torr, E =2 kV,
y=0.1, H=2cm; I =4.85 mA, jemax = 3.58 mA/cm?, j, max = 6.03 mA/cm?, ¥V = 533 V. Parameters of the one-dimensional normal
glow discharge (the Engel-Steenbeck theory): d, = 0.15 cm, ¥, = 205V, J, = 1.37 mA/cm?. (d) Distribution of electron (dashed line)
and ion (solid line) concentrations along the glow discharge centerline; p =5 torr, £ =2 kV, y=0.1, H=2 cm; [ =4.85 mA,
Jemax = 3.58 MA/cm?, j,max = 6.03 mA/cm?, V = 533 V. (e) Electrical potential at p = 5 torr, E=2kV, y=0.1, H =2 cm; ] = 4.85
MA, Jjomax = 3.58 MA/CM?, jumax = 6.03 mA/em?, ¥V = 533 V; Numbers on curves are ¢/E. (f) Electrical conductivity (Q~'em™)
contours in the gas discharge gap at p = 5 torr, E=2kV, 7= 0.1, H =2 cm; I = 4.85 mA, jcmax = 3.58 mA/cm?, J, max = 6.03 mA/
cm?, V=533 V.
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The influence of the secondary electronic emission coefficient y on the glow discharge structure was also
investigated. As it has been mentioned earlier, this coefficient is characterized by the electrical property of
electrode material. In addition, this coefficient strongly depends on the intensity of the near-cathode electric
field. Unfortunately, the nature of this dependency is still not satisfactorily understood, therefore the
constant values of y are applied to all present calculations.

Numerical results obtained for different pressures p, Emf of power supply E, and y were compared with
the classical theory of Engel and Steenbeck [3,4]. This theory gives the classic results for the cathode voltage
drop 73, the depth of the cathode layer (pd), and the normal current density j,, see Eqgs. (54)—(56).

It should be stressed that the Engel and Steenbeck theory [3] is an approximate theory of the normal
glow discharge for the one-dimensional cathode layer. At the same time, many experimental and theoretical
studies have substantiated these predictions, which give the credence to their theory for glow discharges.
Therefore, the comparison with this theory is chosen as validation base for the present calculations. The
normal current densities predicted by the Engel and Steenbeck theory (j,) are presented in legends for
numerical simulation results. These legends also contain values of total current I, the maximum values of
current density on cathode (jomax) and anode (j,max), as well as the total voltage drop V across the gas
discharge gap.

The investigated glow discharge exists in the mode of “normal density current’”, where the current
column occupies only a part of the gas discharge space [6]. Based on the current density distribution
along the cathode, one can conclude that boundary effects (diffusion and drift in the x-direction) are
significant. It means that current density in the case under consideration must exceed the predicted value
by the idealized theory of Engel and Steenbeck [3,4]. In conformity with this understanding, the ‘“‘normal
current density”’, which is obtained from the one-dimensional theory of Engel and Steenbeck, is j, = 1.37
mA/ cm?.

A glow discharge at p = 5 torr, E =2 kV, y = 0.1 of the basic configuration is shown in Fig. 5. Initial
conditions for these calculations correspond to the glow discharge without an externally applied magnetic
field. The basic elements of the glow discharge structure are simulated by the present computing model. The
area of charged space near cathode is confined to a very small dimension along the y-axis. In this case the
height of the cathode layer has the value of ~0.15 cm, that agrees very well with value 0.151 cm, which is
predicted by the one-dimensional theory of Engel and Steenbeck. However, it should be noted that un-
certainty in the determination of d,, from the numerical results is understandable.

Two-dimensional distributions of electron and ion concentrations are shown in Fig. 5(a) and (b). In the
present results, the levels of concentration are normalized by the value of Ny = 10° cm™> for the glow
discharge. It is particularly interesting to note that the extremely high ion concentration is located im-
mediately adjacent to the cathode. This phenomenon has been frequently observed in experiments and a
greater value of nearly one order of magnitude is indicated by the present calculation.

The current densities on the cathode and anode are shown in Fig. 5(c). Distributions of electron and ion
concentrations along y-axis are shown in Fig. 5(d). In the last figure, one can clearly define the main do-
mains of glow discharge; (1) the area of positive charge space near to cathode (the cathode layer), (2) the
area of negative charge space near to anode (the anode layer), and (3) the area of a quasineutral plasma (the
positive column).

In Fig. 5(d), the computed electron and ion number densities exhibit the anticipated electric neutrality of
the glow discharge path away from the sheath region. The cathode fall is also duplicated by the calculated
electric potential in Fig. 5(e). Finally, the electric conductivity of the glow discharge based on the computed
electron mobility is depicted in Fig. 5(f) to show the previously unobtainable detailed variation of the glow
discharge. This value was calculated by the following formula, o. = eu.n.. It should be stressed that in the
case with external magnetic field the electrical conductivity becomes a tensor, o) = 0.+
(1/(1+82)), 6. = a(be/(1 + b%)), where o, o, are the electrical conductivities in the parallel and per-
pendicular orientations of the applied external magnetic field, respectively [7,8].
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Fig. 6. (a) Electron contours in the gas discharge gap at p = 10 torr, E =2kV,7y = 0.1, H =2cm; I = 3.9 mA, jomax = 7.03 mA/cm?,
Jamax = 8.89 mA/cm?, ¥ = 835 V. The concentration levels are normalized by the value of Ny = 10~ cm~3. Parameters of the one-
dimensional normal glow discharge (the Engel-Steenbeck theory): d, = 0.0755 cm, ¥, = 205V, j, = 5.49 mA/cm?. (b) Ion contours in
the gas discharge gap at p = 10 torr, E =2kV,y=0.1, H=2cm; I = 3.9 mA, jcma = 7.03 mA/cm?, j, may = 8.89 mA/cm?, ¥ = 835
V. The concentration levels are normalized by the value of Ny = 10~ cm~3. Parameters of the one-dimensional normal glow discharge
(the Engel-Steenbeck theory): d, = 0.0755 cm, ¥, = 205V, j, = 5.49 mA cm?. (c) Current density on the anode (solid line) and cathode
(dashed line); p = 10 torr, E=2kV, y=0.1, H =2 cm; [ = 3.9 mA, jcma = 7.03 mA/cm?, j, max = 8.89 mA/cm?, V = 835 V; Pa-
rameters of the one-dimensional normal glow discharge (the Engel-Steenbeck theory): d, = 0.0755 cm, ¥, = 205V, j, = 5.49 mA/cm?.
(d) Distribution of electron (dashed line) and ion (solid line) concentrations along the glow discharge centerline; p = 10 torr, £ = 2 kV,
y=0.1, H=2cm; ] =39 mA, jemx = 7.03 mA/em?, j, max = 8.89 mA/ecm?, V = 835 V. (e)Electrical potential p = 10 torr, £ = 2 kV,
y=0.1, H=2cm; [ =3.9 mA, jemax = 7.03 mA/cm?, j, max = 8.89 mA/cm?, ¥ = 835 V; numbers on curves are ¢/E. (f) Electrical
conductivity (Omega~' cm™") contours in the gas discharge gap at p = 10 torr, E=2kV,y=0.1, H =2cm; I = 3.9 mA, j.ma = 7.03
mA/cm?, Jymax = 8.89 mA/cm?, V =835 V.
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the gas discharge gap at p = Storr, E=2kV,y =0.3, H =2cm; ] = 4.85mA, jemax = 4.97 mA/cm?, jymax = 6.7 mA/cm?, V = 454 V;
The concentration levels are normalized by the value of Ny = 10~° cm™?; Parameters of the one-dimensional normal glow discharge
(the Engel-Steenbeck theory): d, = 0.0924 cm, ¥, = 125V, j, = 2.65 mA/cm?. (c) Current density on the anode (solid line) and cathode
(dashed line); p=5 torr, E=2kV, y=0.3, H =2 cm; [ = 4.85 mA, jcma = 4.97 mA/cm?, j, max = 6.7 mA/cm?, V = 454 V; Pa-
rameters of the one-dimensional normal glow discharge (the Engel-Steenbeck theory): d, = 0.0924 cm, ¥, = 125V, j, = 2.65 mA/cm?.
(d) Distribution of electron (dashed line) and ion (solid line) concentrations along the glow discharge centerline; p = 5 torr, E = 2 kV,
=03, H=2cm; I =4.85mA, jomax = 4.97 mA/c!?, j, max = 6.7 mA/cm?, V =454 V.

The data presented in Fig. 5 will be used further for comparison with other computing simulations. To
investigate the influence of different input parameters on the gas discharge structure, additional numerical
experiments were performed. First of all, numerical simulations have been performed to study the influence
of gas pressure and Emf of power supply on electrodynamic structure of the glow discharge. The influence
of external magnetic field on the glow discharge structure was also performed for different gas pressure in
the range from 5 to 10 torr.

The glow discharge behavior, by increasing the Emf of external circuits, results in the increasing of
transversal (along x-axes) size of the positive column which is faithfully reproduced. At the same time, the
transverse discharge space size adjacent to the cathode is also substantially greater. This tendency is re-
peated for all investigated pressures (p = 5, 10 torr) and for other coefficients of the secondary electron
emission. Actually, the different electron emission coefficients have really simulated different types of the
cathode materials; y = 0.1-0.3.
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Fig. 8. (a) Electron contours (in 10° cm™) in the gas discharge gap at time moments ¢ = 50, 100, 150 us; p = 5 torr, £ = 2 kV,
y=0.1, H=2cm, B=0.01T. (b) Ion contours (in 10° cm~?) in the gas discharge gap at time moments ¢ = 50, 100, 150 ps; p = 5 torr,
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Decreasing the gas discharge pressure results in a considerable increase not only in the width of the
discharge, but also the thickness of the cathode layer. This observation is in full accordance with the Engel
and Steenbeck theory [3,4]. The reverse behavior is also confirmed by the present numerical results; by
increasing the ambient pressure all characteristic sizes of a glow discharge are decreased.

Computed results of the glow discharge at p = 10 torr and £ = 2 kV are shown from Fig. 6(a)—(f). As in
the earlier presentation, these figures present the electron (a) and ion (b) concentrations, the current density
distribution along the cathode and anode (c), distributions of electron and ion concentrations of the glow
discharge along the centerline in the y-direction (d), electrical potential (e), and contours of electrical
conductivity (f). The corresponding theoretical result of the Engel and Steenbeck theory is obtained for the
case of the following parameters: d, = 0.0755 cm, V;, = 205 V, j, = 5.49 mA/cm?. These values are in good
agreement with the present numerical results.

By comparing spatial distributions of the electrical conductivity at pressures p = 5 torr (Fig. 5(f)) and
p = 10 torr (Fig. 6(f)), one can detect a decreasing degree of ionization which is in perfect accordance with
the laws of nature. It is a well-known consequence; at the higher pressure a higher collisional frequency of
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Fig. 9. (a) Electron contours (in 10° cm™) in the gas discharge gap at time moments ¢ = 10, 20, 30 ps; p = 5 torr, E =2 kV,
y=0.1, H=2cm, B=0.05T. (b) Ion contours (in 10° cm™) in the gas discharge gap at time moments ¢ = 10, 20, 30 ms; p = 5 torr,
E=2kV,y=0.1, H=2cm, B=0.05T.

electrons with neutral particles will take place [6]. Therefore, to ionize similar volumes of neutral gas, a
higher level of voltage drop across a gas discharge gap is required. In the present calculation, moderate
increase in the value of the voltage drop (compare: V' = 835 V at p = 10 torr and V = 533 V at p = 5 torr)
still produces a decreased volume of the gas discharge.

As it has been discussed previously, the secondary electronic emission coefficient y is a very significant
input parameter of the developed model, which simulates different electrode materials. Fig. 7(a)—(d) show
parameters of the glow discharge at y = 0.3, p = 5 torr, E = 2 kV. Even from the presented results, one can
see significant changes in the glow discharge structure. For the cases investigated, the depth of the cathode
layer and transverse size of the cathode spot are decreasing in accordance with the Engel andSteenbeck
theory d, = 0.0924 cm, ¥, = 125V, j, = 2.65 mA/cm?). In short, the present results capture all essential
features of glow discharge physics and are validated by the classic theory by von Engel and Steenbeck [3,4].
Additional direct comparison with experimental data is planned for the future.

From the theory developed in the present work, a transverse magnetic field will affect the gas discharge
structure at b, ~ 1 (and, especially at b; ~ 1). It was found that the inductivity of the magnetic field exerts
influence on the global structure of the glow discharge. Figs. 8 and 9 show electron and ion contours in the
glow discharge at p = 5 torr and £ =2 kV at consecutive instants after magnetic field of B = +0.01 T
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Fig. 10. (a) Electron contours (in 10° ¢m™3) in the gas discharge gap at time moments ¢ = 10, 20, 30 ms; p = 5 torr, £ =2 kV,
y=0.1, H=2cm, B =—0.05T. (b) Ion contours (in 10° cm~?) in the gas discharge gap at time moments ¢ = 10, 20, 30 ms; p = 5 torr,
E=2kV,y=0.1, H=2cm, B=0.05T.

(Fig. 8) and B = +0.05 T (Fig. 9) is applied, respectively. These are transient configurations of the direct
glow discharge.

In all cases presented, the discharge column moves continuously along electrode surfaces. First of all, it
is revealed that a transverse magnetic field shifts discharge path from the initial position. Comparing nu-
merical simulations for different magnetic fields B (Figs. 8 and 9), one can conclude that velocity of the
discharge drifts perpendicular to applied magnetic field and is proportional to the value of B. The average
velocity of such drift in the first case (B = +0.01 T) equals to ¥ air =~ 6.5 x 103 cm/s, and in the second case
(B = 40.05 T) —Vgarir = 3.5 x 10* cm/s. Due to the nature of ambipolar mechanism, these drift velocities
are much less than electronic drift velocities but greater than the ionic drift velocities.

The direction of shift depends upon the polarity of the applied magnetic field. Fig. 10(a) and (b) show
distributions of electron and ion concentrations at the same successive instants as they have been shown in
Fig. 9(a) and (b), but at a magnetic field of B = —0.05 T. Reversing the magnetic field polarity results in a
corresponding shift of ions and electrons distributions relative to the center-plane of the discharge (compare
Figs. 9 and 10).

Fig. 11 shows electron and ion contours in the glow discharge at p = 10 torr and £ = 2 kV at consecutive
instants (¢ = 10, 20 and 30 ps) after a magnetic field of B = +0.1 T is applied. This calculation, however, is
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Fig. 11. (a) Electron contours (in 10° cm™) in the gas discharge gap at time moments ¢ = 10, 20, 30 ms; p = 10 torr, £ =2 kV,
y=0.1, H=2cm, B=0.1T. (b) Ion contours (in 10° cm~?) in the gas discharge gap at time moments ¢ = 10, 20, 30 ms; p = 10 torr,
E=2kV,y=0.1, H=2cm,B=0.1T.

obtained under a higher ambient pressure (p = 10 torr). Therefore, to achieve the same drift velocity of the
discharge plasma in magnetic field as that of the previous calculation (p = 5 torr and B = +0.05 T; Fig. 9),
there is a need to apply a stronger magnetic field.

9. Conclusions

A theory and two-dimensional numerical simulations for modeling the electrodynamic structure of the
glow discharges with magnetic field are presented. Two different physical-based boundary conditions are
derived to extend the applicable range of the drift-diffusion glow discharge into the plasma sheath region.
The drift-diffusion model with modified numerical boundary conditions has successfully simulated the
complete glow discharge physics including the sheath regions.

All two-dimensional calculations of the glow discharge structure in nitrogen have been performed under
various initial values and boundary conditions. The computed results exhibit good agreement with the
classic theory of von Engel and Steenbeck.
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The present result also demonstrated a new capability to simulate numerically the influence of a strong
and a physically reasonable external magnetic field to a gas discharge structure.
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